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Overview 

 The stiffnesses of the structural members of a building strongly influence the response 
of the building to ground shaking.  For linear analysis, the member stiffnesses control 
predictions of the period of the structure, the distribution of loads within the structure, and the 
deformation demands.  For nonlinear analysis, an accurate estimate of the member stiffness is 
required to reliably estimate the yield displacement, which in turn, affects the predicted 
displacement ductility demands.  In practice, simple procedures are needed to estimate an 
effective stiffness up to yielding of each structural component. 
 
 This research digest uses data from the PEER Structural Performance Database (Berry 
et al. 2004) to assess the effective stiffness of reinforced concrete columns and compares the 
results with effective stiffness values provided in the Federal Emergency Management 
Agency (FEMA) 356 seismic rehabilitation guidelines (ASCE 2000).  It is demonstrated that 
the FEMA 356 procedure substantially overestimates the stiffness of columns with low axial 
loads, because the effective stiffness of such columns is significantly influenced by 
deformations resulting from bar slip in the beam-column joints or footings.  The digest 
concludes with practical recommendations for improving estimates of effective stiffness. 
 
Effective Stiffness Model 
 
 The yield displacement of a column can be considered as the sum of the displacements 
due to flexure, bar slip, and shear: 

y flex slip shear∆ = ∆ + ∆ + ∆      [1] 

Assuming the column is fixed against rotation at both ends and assuming a linear variation in 
curvature over the height of the column, the contribution of flexural deformations to the 
displacement at yield can be estimated as follows: 

2 2
0.004

6 6flex y
flex

ML L

EI
φ∆ = =      [2] 

where L is the length of the column, φy is the yield curvature, and M0.004 is the flexural 
moment at a maximum concrete compressive strain of 0.004, as defined in Figure 1. The 
effective flexural stiffness of the column, EIflex, can be determined from the moment-curvature 
relationship shown in Figure 1. 
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Figure 1: Moment-curvature  
relationship and definition of 
yield curvature 

Figure 2: Relationship between axial load 
and stress in the tension 
reinforcement 

 
The displacement due to bar slip at yield can be estimated as follows (Elwood and Moehle, 
2003): 
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where db is the diameter of the longitudinal reinforcement, fs is the stress in the tension 
reinforcement, and u is the average bond stress between the longitudinal reinforcement and 

the footing or joint concrete. A bond stress of 6 'cu f=  (psi units) will be assumed in the 

following calculations (Sozen et al., 1992).   
 
For the purpose of this paper, the “first yield” of a column will be defined as the first point at 
which the first reinforcing bar yields in tension or the concrete reaches a maximum 
compressive strain of 0.002.  For this condition, the stress in the tension reinforcement, fs, 
used in Eq. 3 will vary depending on the axial load on the column.  For columns with low 
axial loads, the tension reinforcement will yield, and hence, fs can be taken as equal to the 
yield stress, fy.  The stress in the tension reinforcement will decrease as the axial load on the 
column increases, reaching zero when the depth of the neutral axis is equal to the effective 
depth of the column.  The variation of fs with axial load was investigated by considering 120 
columns from the PEER Structural Performance Database (Berry et al. 2004).  In particular, 
rectangular columns with normal strength concrete (f’c < 60 MPa) and standard longitudinal 
reinforcement arrangements were considered.  Figure 2 indicates that while the stress in the 
tension reinforcement depends on the particular details of each column, the stress can be 
estimated as equal to the yield stress for axial loads below P/Agf’c = 0.2 and equal to zero for 
axial loads above P/Agf’c = 0.5, with a linear interpolation between these points. 
 
The shear deformation can be estimated as: 
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The deformations due to shear prior to yielding are usually very small, except for stocky 
columns with high levels of shear cracking.   
 
For engineering practice, the response of a column prior to yielding can be approximated as 
linear-elastic with a single effective stiffness, EIeff: 
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where ∆y is given by equations 1, 2, 3, and 4.  The following section will compare the 
effective stiffness from Eq. 5, and the flexural stiffness (Figure 1), with the effective stiffness 
determined from the 120-column dataset. 
 
Comparison of Calculated and Measured Stiffnesses 
 
 For each column, the envelope of the measured lateral load-displacement relationship 
was corrected for P-delta effects to give the effective lateral force on the column.  The yield 
displacement of the column was then determined as shown in Figure 3.   
 

 
Figure 3: Definition of yield displacement and effective stiffness from test data  

 
For columns where the maximum measured effective force, Fmax, was at least 105% of the 
calculated force at first yield (defined by yielding of the tension reinforcement or when the 
maximum concrete strain reaches 0.002, whichever occurs first), the effective stiffness is 
defined based on the point on the measured force-displacement envelope corresponding to the 
calculated force at first yield (Figure 3a).  This definition is consistent with the bilinear 
moment curvature relationship shown in Figure 1.  For columns where the maximum 
measured effective force, Fmax, was not at least 5% larger than the calculated force at first 
yield, the effective stiffness was defined based on the point on the measured force-
displacement envelope with an effective force equal to Fmax /2 (Figure 3b).  Using the 
definition of the yield displacement from Figure 3, the measured effective stiffness can be 
defined as: 
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Figure 4 compares the measured and calculated effective stiffnesses for the 120-column 
dataset as a function of the normalized axial load.  The effective stiffness calculated based on 
Eqs. 1-5 provides a good estimate of the measured effective stiffness, particularly for columns 
with axial loads less than 0.5Agf’c. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Comparison of calculated and measured effective stiffnesses 
 
The recommended effective stiffness values from FEMA 356 are also shown on Figure 4, and 
appear to provide a good estimate of the calculated flexural stiffnesses for all the columns, but 
the FEMA recommendations significantly overestimate the measured effective stiffnesses for 
columns with axial loads less than 0.3Agf’c.  Figure 4 further suggests that slip deformations 
can account for approximately half of the total deformation at yield for columns with low 
axial loads, and hence, cannot be ignored when determining the effective stiffness of the 
column. 
 
Based on the above observations, the following effective stiffness values are proposed for 
modeling rectangular reinforced concrete columns with normal-strength concrete: 
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As shown in Figure 4, Eq. 7 is consistent with the FEMA 356 recommendations for axial 
loads above 0.5Agf’c, but suggests substantially lower stiffnesses for columns with lower axial 
loads.   
 
Table 1 provides statistics for the ratio of the measured effective stiffness (Eq. 6) to the 
calculated effective stiffness based on the approaches discussed in this digest.  The FEMA 
356 recommendations overestimate the measured effective stiffnesses by nearly 100% and 
result in a coefficient of variation that exceeds 50%.  Although substantial scatter in the 
results still remains, on average the effective stiffness based on Eq. 7 provides a much better 
estimate of the effective stiffnesses observed for the 120 columns considered in this study. 
 

Table 1: Statistics for the ratio of measured to calculated effective stiffness 

Calculated Stiffness Model E[ /eff meas eff calcEI EI ] cov[ /eff meas eff calcEI EI ] 

Flexural Stiffness (Eq. 2) 0.56 0.46 

Total Stiffness (Eq. 5) 1.05 0.28 

FEMA 356 0.52 0.53 

Proposed model (Eq. 7) 0.99 0.35 

 

References 
American Society of Civil Engineers (ASCE) (2000). Prestandard and Commentary for the Seismic 

Rehabilitation of Buildings, FEMA 356, Federal Emergency Management Agency, 
Washington DC, November 2000. 

Berry, M., Parrish, M., and Eberhard, M. (2004). “PEER Structural Performance Database User’s 
Manual,” (www.ce.washington.edu/~peera1), Pacific Earthquake Engineering Research 
Center, University of California, Berkeley. 

Elwood, K. J. and Moehle, J.P. (2003). “Shake Table Tests and Analytical Studies on the Gravity 
Load Collapse of Reinforced Concrete Frames”, PEER report 2003/01, Pacific Earthquake 
Engineering Research Center, University of California, Berkeley, 346 pages. 

Sozen, M.A., Monteiro, P., Moehle, J.P., and Tang, H.T. (1992). Effects of Cracking and Age on 
Stiffness of Reinforced Concrete Walls Resisting In-Plane Shear, Proceedings, 4th 
Symposium on Current Issues Related to Nuclear Power Plant Structures, Equipment and 
Piping, Orlando, Florida. 

Acknowledgments 
This research project was funded by Pacific Earthquake Engineering Research Center (PEER) 
and the Natural Science and Engineering Research Council (NSERC) of Canada. PEER is 
funded by U.S. National Science Foundation, State of California and private industry. 

Keywords 
Reinforced concrete, columns, stiffness, bond slip, flexural stiffness, FEMA 356 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


